By utilizing strong optical resonant interactions in arrays of atoms with electric dipole transitions, we show how to synthesize collective optical responses that correspond to those formed by arrays of magnetic dipoles and other multipoles. Optically active magnetism with the strength comparable with that of electric dipole transitions is achieved in collective excitation eigenmodes of the array. By controlling the atomic level shifts, an array of spectrally overlapping, crossed electric and magnetic dipoles can be excited, providing a physical realization of a nearly-reflectionless quantum Huygens' surface with the full 2π phase control of the transmitted light that allows for extreme wavefront engineering even at a single photon level. We illustrate this by transforming a plane wave into a vortex beam.
A crucial limitation for utilizing atoms as optical media is the inability of light to couple to atoms using both its electric and magnetic components. Optical magnetic dipole transitions in atoms typically are very weak, and the optical response is determined by strong oscillating electric dipoles [1] . The absence of magnetic coupling in natural media has led to the development of artificial metamaterials [2] and metasurfaces [3] , representing man-made designer materials that simultaneously provide strong interactions with both field components of light [4] . Here we show that strong light-mediated interactions between cold atoms in planar arrays can be designed to synthesize collective radiative excitations that exhibit strong electric and magnetic optical responses. The system has considerable advances over artificial fabricated materials because of the absence of dissipative losses due to absorption and the possibility to reach quantum regime in the optical manipulation and control. We illustrate the flexibility of designing collective radiative excitations by proposing a Huygens' surface of atoms, where the crossed electric and magnetic dipolar resonances act as elementary sources for wave propagation according to the Huygens' principle [5, 6] . In a singlephoton limit, the array provides a quantum-photonic wave-engineering tool, with beam shaping, steering, and focusing capabilities.
Atomic physics technology provides a variety of approaches for trapping closely-spaced atoms in arrays with single-site control and unit-occupancy per site [7] [8] [9] [10] [11] [12] [13] . For cold atoms with subwavelength spacing, the lightmediated interactions can be very strong due to resonant light undergoing multiple scattering between the atoms , when the realization of strong collective coupling in large resonator arrays of metasurfaces typically requires special arrangements [38, 39] . Moreover, the atomic arrays can offer a promising platform for quantum information processing at the level of single photon excitations [24, 40, 41] . Experiments on strong collective optical responses of trapped cold atomic ensembles are actively ongoing [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] , and the first measure-ments of the transmitted light through an optical lattice of atoms in a Mott-insulator state have now been performed [55] that demonstrate subradiant resonance narrowing where the entire lattice responds as a coherent collective entity.
Here we propose to engineer strong resonant dipoledipole interactions by design atomic arrays, such that each unit-cell of the periodic lattice, consisting of a small number of sites, has a specific symmetry that characterizes the collective excitation eigenmodes of the array. The modes extend over the entire sample and in large lattices the effect of the light-mediated interactions becomes strong, even when radiation rates of an individual unit-cell are closer to those of an isolated atom. This allows us to utilize strongly subradiant collective eigenmodes, with suppressed emission rates, as weakly radiating 'dark' states. We use the dark states to synthesize optically active magnetism via an array of magnetic dipoles that can indirectly be excited by incident light.
We show that collective resonances can be superposed to form an array of electric and magnetic dipoles. Together with the control of the full 2π phase coverage of transmitted light with almost no reflection, this realizes a Huygens' surface for light. Wavefront-engineering is illustrated by transforming a plane wave to a vortex beam with one unit of orbital angular momentum. Physical implementations of Huygens' surfaces in weakly interacting metamaterials have been achieved in metallic systems using microwaves [56] , but optical frequencies pose severe challenges, e.g., due to absorption and lack of suitable magnetic resonances, and near-infrared Huygens' sources have been realized using dielectric nanoparticles [57] [58] [59] [60] .
The atoms are confined in a 2D lattice in the yz plane with one atom per site. We consider a J = 0 → J = 1 transition with a controllable Zeeman splitting of the J = 1 levels, which could be achieved with AC Stark shifts of lasers or microwaves [61] or magnetic fields. The formalism we employ can describe the dynamics of two different regimes. The first is the decay of a single-photon excitation spread across the lattice, described by the den- sity matrix ρ = |ψ ψ| + p g |G G| where p g is the probability that the excitation has decayed, |G is the state with all atoms in the ground state and single-excitation states are represented by |ψ = j,ν P (j)
jν is the raising operator from the ground state to the excited state ν on atom j [40, 41, 62, 63] . Such a single-photon excitation could be initialized by shortrange coupling to a control qubit, e.g., using laserassisted coupling between Rydberg states [40] .
The same dynamics (when only considering one-body expectation values) also describes the classical polarization amplitudes of each atomic dipole in the limit of low drive intensity [64] [65] [66] [67] [68] [69] . The dipole moment of atom j for the transitions |J = 0, m = 0 → |J = 1, m = σ is d j = D σê σ P (j) σ , where D denotes the reduced dipole matrix element, P (j) σ the polarization amplitudes, andê σ unit polarization vectors. In this case, the atoms typically are driven with laser. We take an incident light field as E(r) = E 0 (y, z)ê y exp (ikx) [70] .
The collective response of the atoms then follows from the dynamicsḃ = iHb + F [71, 72] , where the vectors b 3j−1+σ = P (j) σ and F 3j−1+σ = iξê * σ · 0 E(r j )/D, and ξ = 6πγ/k 3 is given in terms of the single atom linewidth γ = D 2 k 3 /(6π 0 ). The matrix H has diagonal elements ∆
σ is the detuning of level m = σ from resonance with the driving frequency ω. The off-diagonal elements correspond to dipole-dipole coupling between atoms ξê * σ · G(r j − r l )ê σ , for j = l, where G denotes the dipole radiation kernel, such that 0 E (l) s (r) = G(r − r l )d l gives the scattered field from the atom l [73] . The response can then be understood in terms of the collective eigenmodes v n of H [74] , with corresponding eigenvalues δ n +iυ n , where δ n = ω 0 −ω n and υ n denote the collective line shift and linewidth, and ω 0 is the unshifted transition resonance frequency.
We engineer the spatially extended collective eigenmodes of a large array by designing the light-mediated interactions between the atoms in terms of the symmetries of an individual unit-cell of sites that form the lattice. Then the different eigenmodes of an appropriately TABLE I. Normalized multipole decomposition of the eigenmodes of a square unit-cell with a = 0.15λ and ∆ (j) σ = 0, as well as collective linewidths υ uc i of each mode in an isolated unit-cell and υi in a 20 × 20 lattice of unit-cells with d = 0.5λ. In (1-6) the polarization is in the yz plane while in (7) (8) (9) chosen unit-cell correspond to different multipole excitations, such as electric dipole, magnetic dipole, electric quadrupole, etc. Moreover, radiative interactions between unit-cells lead to collective eigenmodes of the entire array which behave as an effective lattice of these multipole moments, and can be excited by selectively manipulating each unit-cell. We consider first a square array of unit-cells in the yz plane with lattice spacing d, where each unit-cell consists of four atomic sites forming a square with side-length a, as illustrated in Fig. 1(a) . To characterize the optical response, we take the far-field radiation from each unitcell and decompose it into vector spherical harmonics [72] 
This expansion allows a collection of point dipoles with different positions and orientations to be decomposed into a set of multipole moments at the origin [73] , with Ψ lm corresponding to an electric dipole d for l = 1, quadrupole q e for l = 2, octopole for l = 3, etc., while Φ lm represents magnetic multipoles (dipole m, quadrupole q m , etc.).
To analyze the light-mediated interactions in a single unit-cell which makes up the lattice, we take the eigenvectors v n of the matrix H corresponding to these four atoms in isolation, and decompose the scattered field when the atoms are in one of those eigenmodes. The results, normalized so that the sum of all multipole moments is one for each mode, are listed in Table I up to quadrupole moments. Most modes are dominantly represented by one of the multipole components and we find, e.g., eigenmodes with electric dipoles in the y or z (n=1, doubly degenerate), or x (n=7) directions. More interestingly, however, (Table I ). The magnetic dipole mode is subradiant (linewidth 0.4γ). For each of these, there is a corresponding collective mode of the whole lattice which best resembles a uniform repetition of the eigenmode of each unit-cell. The collective nature of the modes in large arrays is most clearly manifested in strongly subradiant response, with several of the modes having linewidths orders of magnitude narrower than that of a single atom, or an isolated unit-cell.
The collective modes can be excited with a linearlypolarized laser by varying the atomic level shifts within each unit-cell, as illustrated in Fig. 2 . We optimize the level shifts on each atom in the unit-cell to maximize overlap with the desired mode, while keeping all the unitcells identical. Targeting the electric dipole mode in the y direction is straightforward [ Fig. 2(a) ], where the occupation measure of the collective eigenmode v j is defined [18] , with the resulting dominant occupation of the mode closest to a uniform repetition of the electric dipole mode. The central unitcell clearly shows the collective electric dipole moment [inset of Fig. 2(a) ].
While the uniform collective electric dipole mode is phase-matched with the incident light and is easy to excite, there is no direct coupling of the incident field to the uniform magnetic dipole mode. The magnetic dipole mode is also subradiant ('dark') and difficult to excite. By choosing appropriate level shifts ∆ (j) σ for individual atoms, we can induce a coupling between the electric and magnetic collective modes and excite the magnetic mode by first driving the electric mode by the incident field, following the transfer of the excitation to the magnetic mode. The process can be illustrated by an effective twomode model between the two collective modes [72] 
where f denotes the driving field, and P e,m are the amplitudes, and δ e,m and υ e,m the collective resonance line shifts and linewidths of the electric and magnetic dipole modes, respectively. The contribution of the alternating level shifts in a unit-cell is encapsulated in δ [72] which breaks the symmetry by inducing a coupling between the modes, such that the electric and magnetic dipole modes are no longer eigenmodes of H. The alternating level shifts can be generated, e.g., by the AC Stark shifts of crossed standing waves [72] . The effective dynamics of Eq. (2) can represent both a single unit-cell in isolation and the entire array of multiple unit-cells. The two cases dramatically differ by the value of υ m that becomes strongly subradiant as the size of the array increases (υ m 10 −4 γ for a 20×20 array, Table I ; see also [72] ). The ratio between the occupations of the magnetic and electric modes in the steady state of Eq. (2) at the resonance of the magnetic mode is δ 2 /υ 2 m . Therefore, the narrow υ m in large arrays allows the magnetic dipole mode to dramatically dominate the electric dipole mode, even for relatively small level splittings δ, providing a protocol for synthesizing magnetic dipolar response that utilizes strong cooperative interactions in large systems. In other words, because of the deeply subradiant nature of the collective magnetic mode, this excitation does not decay and becomes dominant in the steady state, in a process reminiscent of the electromagnetically-induced transparency [75] of 'dark' and 'bright' states of noninteracting atoms. The excitation of the uniform collective magnetic dipole mode is shown in Fig. 2(b) with an occupation of ≈ 0.97. For a single unit-cell, the amplitude of the magnetic dipole radiation here is about 23% of that of a single atom.
We next utilize the combination of electric and magnetic dipoles to prepare a Huygens' surface. Huygens' principle states each point on a propagating wave acts as a source of secondary spherical waves which interfere to produce the subsequent wavefront. A more rigorous formulation models each point as a perpendicular pair of electric and magnetic dipoles of equal strength [6, 76] . Each such point then acts as an ideal point source for light which propagates only in the forward direction. While these secondary sources where originally introduced as a conceptual means to understand wave propagation, a physical implementation of such a surface consisting of real emitters can be used to engineer arbitrary wavefronts by controlling the phase of the light produced at each point.
To form an effective Huygens' surface of crossed electric and magnetic dipoles we consider a geometry where each square unit-cell is rotated around the y axis and lies in the xy plane, with the electric (magnetic) dipole in the y (z) direction [ Fig. 1(b) ]. This is equivalent to having a bilayer array with two sites per unit-cell in each layer. We can again identify collective eigenmodes that are characterized by a uniform array of either electric and magnetic dipoles. In this case the collective linewidth of the magnetic dipole mode remain broader as the size of the array increases, since all the dipoles are in the same plane. We then control the atomic level shifts to form a superposition of electric and magnetic dipoles on each unit-cell. Fig. 1(b) . An incident plane wave is transformed to a vortex beam with orbital angular momentum per photon.
To utilize the Huygens' surface for wavefront engineering, we must control the phase of the total transmitted light at each unit-cell, which consists of both the incident and scattered light [72] . We show the control of the phase over the whole range of 0 ≤ arg(E) ≤ 2π as a function of the detuning in an array of identical unit-cells in Fig. 3(a) , while the transmission remains above 90% at all points. Minimum transmission generally increases with the number of atoms, but is already over 80% for a 20 × 20 array. Note that spectrally nonoverlapping resonances of the magnetic and electric dipole modes would produce significantly reduced transmission values at different frequencies.
Having the two resonances spectrally overlapping yields a nearly flat line close to unity, despite providing a dramatic 2π phase change which is two times the phase shift that the magnetic or electric dipoles can individually contribute in resonance. The multipole decomposition of a unit-cell at the center of the lattice is plotted in Fig 3(b) , showing the combination of electric and magnetic dipoles. The results in Fig. 3 are achieved by controlling the level shifts and also allowing the positions of each atom in the unit-cell to vary, up to a maximum of 0.05λ = a/3, while keeping them constant from one unit-cell to another.
To demonstrate wavefront-engineering with the Huygens' surface, we show how a linearly polarized plane wave is transformed into a vortex beam with orbital angular momentum per photon, E ∝ exp (iφ), with φ the azimuthal phase-winding about the beam axis [77] . We take the relative level shifts to be the same from one unitcell to another, and the overall shift to vary such that the resulting phase of the transmitted light, interpolated from the data in Fig. 3 , is proportional to the angle in the yz plane. The resulting transmitted light intensity and phase are shown in Fig. 4 , with the 2π phase winding around the vortex. Deviations from uniform transmission are due to the finite lattice size and the variation of the transmitted light near the array. Only 2% of the total power incident on the the lattice is reflected in the backward direction.
In conclusion, we showed how to harness lightmediated resonant dipole-dipole interactions in atomic arrays to design collective excitations that exhibit optically active magnetism and a Huygens' surface. This is achieved by first designing the interactions in an individual unit-cell of the array to engineer a lattice of magnetic dipoles, or of crossed spectrally-overlapping electric and magnetic dipoles. The latter can be used to create a nearly-reflectionless Huygens' surface, consisting of ideal emitters with a fully 2π-controllable phase, that allows for arbitrary shaping of wavefronts, including even those for a single photon.
We acknowledge financial support from EPSRC. * k.ballantine@lancaster.ac.uk † j.ruostekoski@lancaster.ac.uk In this supplemental material we briefly recap the basic relations for the electrodynamics of light and atoms, and further illustrate the role of collective excitations for the example of synthesizing optical magnetism. We provide some additional details of the spherical harmonics used to decompose the far-field radiation and the scattered light and excitations of the Huygens' surface.
SI. ELECTRODYNAMICS OF LIGHT AND ATOMS

SI.A. Equations of motion
In the main section we characterize the optical response of both the unit-cell and the many-atom array by writing the equations of motion asḃ = iHb + F where b is the vector of polarization amplitudes P (j) σ and F represents the external driving by the incident light. To see the origin of these equations we note that in the limit of low light intensity, the polarization amplitudes obey [S1, S2]
where ξ = 6πγ/k 3 , the single atom linewidth is γ = D 2 k 3 /6π 0 , and ∆ (j)
µ are the the detunings of the m = µ level of atom j from resonance. The light and atomic field amplitudes here refer to the slowly varying positive frequency components, where the rapid oscillations exp(−iωt) at the laser frequency have been factored out. Each amplitude P (j) µ at position r j is driven by the field,
which consists of the the incident field E(r) and the scattered field 0 E 
The linear equations of motion can then be written in matrix form as above.
This equation also describes the decay of a single photon excitation. The full quantum dynamics of the atomic system for a given initial excitation and in the absence of a driving laser follows from the quantum master equation for the many-atom density matrix ρ,
whereσ + jν = (σ − jν ) † = |e jν g j | is the raising operator to the excited state ν on atom j. The diagonal terms of the dissipative matrix are γ (jj) νν = γ, while the off-diagonal elements of the dissipation and interaction terms are given by the real and imaginary parts of
Restricting to the subspace of at most a single excitation, and assuming a pure initial state, the density matrix splits into one excitation and zero excitation parts,
where |ψ represents a single excitation and can be expanded over the atomic sites,
and |G is the ground state. Regarding single-particle expectation values, the dynamics can equally be described by the evolution of a vector b of these amplitudes P (j) ν [S4] , which obey the same equations as the classical polarization in the absence of drive,ḃ = iHb.
SI.B. Collective excitation eigenmodes
In both the case of the evolution of a single atomic excitation and the case of driven classical polarization, the optical response of the lattice is then characterized by the eigenvectors v n and eigenvalues δ n + iυ n , of the evolution matrix H [S5] . While the eigenmodes are not orthogonal, due to H being non-Hermitian, we find in our numerics that they always form a basis. Hence, the state at a time t can be expanded in this basis b(t) = n c n v n . We define the quantity
as a measure of the relative occupation of each collective mode [S6] .
SII. EIGENMODES OF A SINGLE UNIT-CELL
We display in Fig. S1 the excitation eigenmodes of a single isolated unit-cell of a planar array used to generate optically active magnetism [ Fig. 1(a) in the main section]. Each unit-cell consists of four atoms and therefore 12 eigenmodes of which three are degenerate with some of the other modes and are obtained by trivial symmetry transformations of the dipole orientations. The properties of the eigenmodes are listed in Table 1 of the main section.
SIII. COUPLING TO COLLECTIVE MAGNETIC MODE
The excitation of a collective mode consisting of magnetic dipoles in a planar array via the coupling between electric and magnetic dipole eigenmodes is described by a two-mode model [Eq. (2) in the main section]. The incident field with the polarization (ê y +ê z )/ √ 2 drives the electric dipole mode. The electric dipole modes in the y and z direction are clearly degenerate due to symmetry, and so the excited symmetric combination is also an eigenmode, with amplitude P e . When all the electronically excited levels are degenerate, this mode evolves independently of the magnetic dipole mode of amplitude P m which is not excited.
When the level shifts are not equal (∆ (j) ±,0 = 0), P e and P m no longer describe eigenmodes, and these are coupled together (as generally could the other eigenmodes of the ∆ (j) ±,0 = 0 system). As shown in Fig. S1 , the array of atoms in the yz plane [ Fig. 1(a) in the main section] has two separate families of modes, those with polarization in the x direction out of the plane and those with polarizations in the plane. To avoid coupling the drive to those out of plane modes we choose ∆ dipole mode, we choose the remaining level shifts to have similarly alternating signs:
where the ordering of the atoms is shown in Fig. S1(b) .
The periodic variation of the level shifts can be produced by the AC Stark shift of an external standing-wave laser with the intensity varying along the principal axes of the array, such that the levels m = ±1 are shifted using an intensity variation along the z direction and the shift of the m = 0 state with the intensity variation along the y direction. In the both cases the intensity maxima are then separated by the distance d between the adjacent unit-cells. Suitable transitions could be found, e.g., with Sr or Yb. For example, for the 3 P 0 → 3 D 1 transition of 88 Sr the resonance wavelength λ 2.6µm and the linewidth 2.9 × 10 5 /s [S7] . For the case of optical lattices the periodicity of the sinusoidal potential for the same transition with a magic wavelength may be chosen as 206.4nm and can also be modified to achieve the right periodicity by tilting the propagation direction of the lasers forming the lattice. Alternatively, atoms in different hyperfine states could occupy different lattice sites [S8] , with the associated description of the atomlight dynamics [S2, S5] , or the trapping potential strength for tweezers could possibly be spatially varied.
With this choice of level shifts given by Eq. (S10) we obtain [Eq. (2) in the main section],
The effective dynamics of Eqs. (S11) can represent both a single unit-cell in isolation and the entire array of multiple unit-cells, but the collective resonance line shifts and linewidths of the electric and magnetic dipole modes, δ e,m and υ e,m , respectively, can considerably differ in the two cases, and generally vary with the number of unit-cells (Fig. S2 ). The driving field is denoted by f = iξ 0 E 0 /D. The alternating signs of ∆ (j) −,0 mean there is no coupling to other unit-cell eigenmodes with different symmetries.
The steady state of Eqs. (S11) is easily solved and we find the ratio of the magnetic and electric dipole mode amplitudes to be
On resonance, ∆ = −δ m , the ratio of amplitudes is determined by the collective linewidth υ m . As shown in Fig. S2 the linewidth of the magnetic dipole mode rapidly narrows as a function of the array size and becomes strongly subradiant. It is this collective resonance narrowing which allows the amplitude of the magnetic dipole mode to become large compared with the electric dipole mode amplitude, even for relatively small detuning strength δ. Equations (S11) are similar to those describing the electromagnetically-induced transparency [S9] of 'dark' and 'bright' states of noninteracting atoms in which case the atom population can be trapped in the dark state. In the present case, the dark state is represented by a collective eigenmode, resulting from the resonant dipoledipole interactions. It is this collective subradiant nature of the mode that drives the excitation into the magnetic dipole mode.
SIV. SPHERICAL HARMONICS
The multipole moments of the lattice unit-cells are characterized from the far-field radiation by decomposing the field in terms of vector spherical harmonics [S3] [Eq. (1) in the main section]. The vector spherical harmonics are defined in terms of the ordinary spherical harmonics Y lm (θ, φ) as Ψ lm = r∇Y lm and Φ lm = r × ∇Y lm where r is the vector from the origin to the observation point, θ is the polar angle with the x axis, and φ is the azimuthal angle from the y axis in the yz plane. They are orthogonal; Ψ * lm Ψ l m dΩ = Φ * lm Φ l m dΩ = l(l + 1)δ ll δ mm , Ψ * lm Φ l m dΩ = 0, and so the coefficients α can be found by projecting onto the corresponding vector harmonic.
SV. HUYGENS' SURFACE
For analyzing the properties of the Huygens' surface, the contributions of the both incident and scattered light are included. The scattered light can be calculated by summing up all the light scattered from all the atoms in the array. We have verified that the transmission of light at distances λ ξ √ A from a planar array of uniform excitations, where A denotes the area of the array, can also be estimated by [S10-S13]
where the second term denotes the scattered field E S and the first term is the incident field. This expression has been used together with the microscopic calculation to analyze Huygens' surface, e.g., in Fig. 3 in the main section.
In Fig. S3 we show the magnitude and the phase of the total transmitted field, and also the contribution of the scattered field alone. Fig. S3(b) shows that while the phase of the scattered field covers a range of π, the total field has a full range of 2π. The contribution from electric and magnetic dipoles in a Huygens' surface add to give a scattered field with magnitude up to twice the incident field, as shown in Fig. S3(a) , allowing for close to total transmission even when the scattered field is π out of phase with the incident light.
